ABSTRACT. Science and technology practitioners have been studying how to take economical, social and environmental advantage of industrial residuals and discarded products. In this sense, this paper presents a Material Requirements Planning (MRP) optimization model for a particular production system that, besides manufacturing a final product and its main assembling component, it recovers units of the component from units of the returned product as well. It is assumed that the demand for the final product is independent of the amount of the returned product available, and that the market for the final product is not segmented. Considering that all parameters of the MRP mathematical model have deterministic nature, we prove that this production planning problem is NP-hard. We also show computational experiments with the model using an optimization solver and analyze some possible industrial scenarios, as well.
INTRODUCTION
Nowadays industrial organizations are increasingly concerned on how to use or process industrial residuals and discarded products to avoid environmental pollution and waste of natural resources, to be more responsible with social issues, and, most of all, to take economical advantage by processing these items. Of course, these concerns are not isolated, but related. Therefore, managers have to make decisions considering broad and complex scenarios, specially, because they have to attend to exogenous pressures such as governmental regulations and customers desires with respect to environmental and social issues, and mainly endogenous pressure for being more economic efficient.
Returned products can have distinct origins, such as, for instance, manufacturing defect, obsolescence, material deterioration or lack of spare component, forcing companies to plan their operations with respect to the amount of product returns, see for example Reimann & Zhang (2013) .
The main concern is how to integrate product returns/residuals with the traditional forward supply chain. According to Thierry et al. (1995) , depending on the quality and degree of disassembly of the returns/residuals, recovery operations are classified into repair, refurbishing, remanufacturing, cannibalization, and recycling.
Reverse Logistics (RL) is the field of science formally concerned with the study of moving goods from their typical final destination for the purpose of capturing value through a production process or proper disposal (Rogers & Tibben-Lembke, 1999). Consolidated practice of reverse logistics can be found in the paper industry, for example. According to the American Paper Industry Association Council (2013), collected paper has been recycled at an increasing rate. One can observe that, in recent years, a lot of efforts have been made to adapt the paper production system to use discarded paper as raw material. Remanufacturing of tires is another good example of a common RL practice, which attends the demand of customers for retreated tires and of manufactures of tire-derived products, such as rubber floors and bricks.
Optimization models for manufacturing planning systems with recovering activities have appeared lately in the academic literature covering different aspects, including the Material Requirements Planning (MRP) model and its variations. In broad applications, MRP supports a large set of control functions in a multi-echelon production system, including order release (batching and timing), inventory management, material allocation and coordination, order tracking, and data management (Karmarkar & Nambimadom, 1996) .
Resembling the EOQ formula, existing studies present formulae with and without uncertain parameters. For instance, in Teunter (2004) , the author considered two alternating policies to determine the lot-sizes of production and recovering with deterministic parameters. This classic problem was also extended with a remanufacturing option in the work of Helmrich et al. (2014) , in which the authors propose mathematical models to remanufacture returned products or produce new items with separate or joint setup costs.
In the search for the best production planning, many studies considered multi-item, singlestage, and multi-period models, with and without uncertainty on the parameters. For example, in Bayindir et al. (2007) , a single-period optimization model is presented for a production system with manufactured and remanufactured items, considering uncertain demands, capacity constraint and one-way substitution (the demand for the remanufactured item can be satisfied by the new manufactured item). In Inderfurth & Jensen (1999), a quantitative model is presented considering a single-stage single-period system with recovery option, allowing remanufacturing of reusable products and components. Considering a scenario with uncertainty on demand, external return flows and lead time, Gotzel & Inderfurth (2002) presented an extended Material Requirements Planning (MRRP) model for a hybrid single-stage multi-period production and remanufacturing system. Whereas in Schulz & Ferretti (2011) disassembly operations, included in a specific recovery step, are treated in a stochastic environment. De Puy et al. (2007) proposed an approach to estimate the expected number of remanufactured units to be completed in each future period. The approach is a probabilistic form of standard MRP, it considers variable yield rates of good, bad, and repairable components that are harvested from incoming units, and probabilistic processing times.
According to Fleischmann (2000) , the main issues of Production and Operations Management of RL are: (1) disassembly, (2) Material Requirements Planning (MRP) in a product recovery environment, and (3) scheduling remanufacturing operations. In respect to the second issue, the author stated that most of the works in the literature rely on a reverse bill of materials (BOM), due to the difficulties faced on the direct way. As we can see, in Barba-Gutiérrez et al. (2008) , the disassembling production planning problem is addressed through a reversed form of the regular MRP (RMRP), considering independent sources of demand for the multiple components originated from disassembling a certain product over a time horizon. The problem objective is to determine the lot sizing of the disassembled components without producing excess inventories.
An innovative study is presented in Mitra (2012), where a deterministic and a stochastic model are proposed to evaluate optimal values for the inventory police parameters of a two-echelon closed loop supply chain, assuming that there is correlation between the product demand and the availability of the returned product. Finally, we call attention to the production planning models with remanufacturing and disposal activities proposed in Piñeyro & Viera (2010 , 2012 for particular production systems, which are single-stage uncapacitated lot-sizing models with deterministic parameters. Whereas the former work deals with two independent demand streams with one-way substitution, the latter generates production plans by fixing periods of the planning horizon for remanufacturing. Readers interested in a review of RL case studies may consult Brito et al. In this work, we propose an optimization model for the Material Requirements Planning (MRP) of a particular multi-stage production system, that manufactures a finished item using a brand new or a recovered assembling component, among other provided inputs, with disposal option and capacity constraints. It can be considered as a step further from the models proposed in Piñeyro & Viera (2010 , 2012 , as the planning of a capacitated multi-stage production system with remanufacturing and disposal activities is now addressed, considering a non-segmented market for the final product. The remanufacturing activities are processed in a intermediate phase, such that units of the recovered component could be used to assemble the final product. There is no external demand for the recovered component. Here, the BOM of the production system is handled as in traditional MRP. We show a novelty application of the traditional MRP in the context of procuring, manufacturing, recovering and disposal process.
Particularly, a multi-item, multi-stage and multi-period lot-sizing mathematical model for a particular production planning problem with remanufacturing and disposal options, and capacity constraints is proposed here. It is assumed that the demand for the final product is independent from the arrival of units of the returned product along the planning horizon, in the sense that there is no correlation between those actions, and that the market for the final product is not segmented, in the sense that customers could not differentiate a unit of the final product assembled with a brand new component from a unit assembled with a recovered one. Furthermore, to show that the production planning problem addressed here is difficult, we prove that the problem model is NP-hard, and present the response of the proposed planning model for distinct industrial scenarios of a particular academic instance, through computational experiments using CPLEX.
The paper is organized as follows. In Section 2, we describe the studied production planning problem, the planning decisions involved and the objectives to be achieved. In Section 3, we show the mathematical planning model, describing its parameters, decision variables, constraints and objective function and prove the problem model is NP-hard. Numerical experiments are showed in Section 4 together with some analysis generated from the consideration of distinct industrial scenarios. Final comments are presented in Section 5.
PROBLEM DEFINITION
Here, we address a particular multi-stage production planning problem with remanufacturing and disposal options, and capacity constraints. Remanufacturing is understood as the industrial process of recovering items from returned products, which ensures quality and functionality as brand new manufactured items. Figure 1 shows the bill of materials (BOM) related to the particular production system here addressed. Actually, the particular production system has two distinct production lines. One for the manufacturing process, which shares the resources to produce new units of the main component as well as units of the finished item, and other exclusively for recovering units of the returned component. In the recovering process, units of the returned final product are disassembled in order to select and then repair the units of the main component therein. The remaining disassembled items are then discarded. Each unit of the returned product has one unit of the main component that is either remanufactured or discarded. Both production lines have capacity constraints, the first is given in terms of available time capacity and the second is given in terms of maximum units recovered.
It is assumed that a known fixed average rate of units of the disassembled component, originated from units of the returned product, is not considered as input for the recovering process by not meeting the basic constitutive properties needed in the remanufacturing process, along the planning horizon. In Figure 2 , we show the flow of acceptable assembling component units for the considered production planning. All the discarded items are accumulated in a tank, built specifically for this purpose, until its capacity is enough to load a garbage truck. No activities should be planned beyond the disposal. Also, storage capacity is considered for the stock of returned product, as well as for the stock of serviceable component and finished product. At the beginning of the planning horizon, there are no initial inventories of the items, except for the returned product, whose initial inventory level coincides with its maximal storage capacity.
A single source of external demand for the final product is considered, meaning that the market for the final product is not segmented, in the sense that customers could not differentiate a unit of the final product assembled with a brand new component from a unit assembled with a recovered one. (For instance, consider recovering metal hinges and handles from returned furniture, doors and gates to be used in new units of furniture, doors and gates.) The demand forecast in number of units for the final product per period is known for a coming short-term horizon. Also, independent from the demand for the final product, it is assumed that the amount of units of the returned product is known in advance for each period of the time horizon. There is no external demand for the recovered component.
MRP OPTIMIZATION MODEL
In this section, we present an MRP optimization model to support the decisions on the quantities and the timing of production of the final product and the main assembling component over a finite and discrete short-term horizon. Simultaneously, the model supports the decisions on the quantities and the timing of recovering the disassembled component, discarding the remaining of the disassembled components of the returned product, as well as procuring the inputs from suppliers needed in the production processes.
The Material Requirements Planning (MRP) model integrates the decisions on the production of finished items with the decisions on the procurement of all intermediate products and raw materials to satisfy costumer demand over a short or medium-term horizon. One of the advantages of the MRP optimization model over the MRP decomposition approach (the one that uses spreadsheets as resources) is the opportunity to have a global optimal production plan found by an exact solution method, whereas through the decomposition version a guaranteed feasible plan can be obtained by making use of expertise and/or heuristics.
The industrial activities that should be planned in the considered production system are: purchasing raw materials from external suppliers, manufacturing units of the finished item and new units of the component, remanufacturing units of the selected returned component, and discarding useless returned items. Procurement and production lead times, including the discarding lead time, are assumed constant along the planning horizon. They reflect the minimum time necessary for an activity to be concluded.
So, solving the MRP model will allow the determination of how much and when to procure/ produce/remanufacture/discard of each raw material/component/finished item over a short-time horizon.
Before presenting the MRP model, we show in Figure 3 the model structure based on BOM (already given in Figure 1 ), followed by the notation used hereafter for indices of sets, parameters and decision variables in the model. t ∈ {1, . . . , T } representing one of the time periods of the planning horizon, i ∈ {1, . . . , I } representing one of the items involved in the production planning: i = 1, . . . , 6 are required as input for some other item, i = 7 is the disassembled component that is discarded, i = 8 is the finished item produced with new component, i = 9 is the finished item produced with remanufactured component, j ∈ D(i) representing one of the items that are direct successors of item i in BOM.
Using these indices, we define the following deterministic parameters: 
t ∈T
where the goal is to minimize the total production and inventory costs (1), and to satisfy the internal demands (2)-(3) and the non-segmented external demand (4)-(5). Although there is no demand for the discarded component, constraints (3) guarantee the flow conservation of this item. In (2) and subsequent occurrences, the notation x i t −γ i represents the amount of item i that is delivered in period t by its associated industrial activity, which started in period t − γ i . As the arrival of the returned product is not considered as an activity in this study, the corresponding lead time is set to zero. Constraints (6) represent the set-up enforcement. The value of M i t should be sufficient large to ensure the satisfaction of all internal or external demand for item i in period t ; a practical option for the finished item is to set
k . Constraints (7) represent the availability of units of the returned product during the planning horizon. The constraint capacity on the remanufacturing and manufacturing resources is given by (8) and (9), respectively. Constraint (10) gives the total amount of returned component that is discarded during the planning horizon, which is determined by the average rate ρ. Constraints (11) assure that there are no initial inventories, except for the returned product (12), whereas constraints (13) give an upper bound to the storage of units of the items during the planning horizon, including the serviceable component (14) . Decision variables are defined in (15) .
Even though the amount of units of the returned product (C t ) is known in advance at the beginning and for each period of the planning horizon, it is appropriate to define a decision variable to quantify the amount of units of the returned component that is used by an optimal production plan (x 3 t ), and consequently know the amount that is recovered (x 5 t ), the amount that is discarded (x 7 t ) and stocked (s 3 t ). This would help future strategic decisions in terms of reverse logistics, such as, for example, augmenting the capacity of the recovering process and evaluating the costs of the recovering process. Also, condition (10) refers to disposal decisions along the planning horizon, which avoids the execution of the disposal activity every single period, whenever possible.
Problem and computational complexity

The proposed MRP model has I + (I + 17)T + 1 functional constraints and I + (3I + 2)T variables, resulting in a problem complexity of O(I T ) × O(I T ). Optimization problems that are modeled as the proposed MRP are in the class of mixed integer programming (MIP).
Consider the basic MRP model as given, for example, in Pochet & Wolsey (2006) . Using the notation already defined, it is formulated as follows minimize i∈I t ∈T 
COMPUTATIONAL EXPERIMENTS
In this section, we report computational experiments with the proposed MRP model. To this end, an arranged instance of the studied production planning problem was tested using the solver CPLEX 12.3 with the standard choice for solving mixed integer programming problems, in the software package AIMMS version 3.12. In this CPLEX version, the solution method for mixed integer linear programming problems is the branch-and-cut algorithm.
The first computational test considers the following arranged parameter selection: Observe that the demand for the final product (d) is given for 5 periods ahead. But, to procure the needed inputs and process some production activities in advance, so that the demand for the final product in period t = 1 is satisfied, at least two periods should be anticipated, totalizing the planing horizon of at least 7 periods ahead (T = 7). Recall that the lead time is at most 1 period long.
The corresponding optimal production plan is described in Table 1 , and the main information from the final report generated by CPLEX is showed in Table 2 . It can be observed that many of the production activities have to be anticipated so that the demand for the final product could be satisfied in each corresponding period. For example, take the demand for the final product at t = 1, d 1 = 10, as the lead time for assembling the final product with recovered component is γ 9 = 1, this activity had to be anticipated, as we observe that x 9 0 = 10, to get the optimal total cost.
Possible scenarios
The first scenario to be analyzed, corresponding to the second computational test, considers limitation on the availability of the inputs A, B and C. This is a common situation faced by manufactures, when the suppliers could not deliver the total amount of raw materials of an order placed. In this scenario, the arranged parameter selection is identical to the first computational test as well as the model, except for the conditions that are additionally introduced into the model: x 1 t ≤ 18, x 2 t ≤ 10 and x 4 t ≤ 28 ∀t , which means that, per period t , the total amount available for procurement of input A is 18, for input B is 10, and for input C is 28. The corresponding optimal production plan is described in Table 3 , and the main information from the final report generated by CPLEX is showed in Table 4 . The second analyzed scenario considers a maximal amount of 10 units of the finished item that can be assembled with the recovered component. This situation can occur, when resources of the recovering line is limited, due to temporary and casual events. In this case, we introduce the following constraint into the model and consider the instance parameters of the first computational test: x 9 t ≤ 10 ∀t . The corresponding optimal production plan is described in Table 5 , and the main information from the final report generated by CPLEX is showed in Table 6 . The third analyzed scenario considers that, among the units of finished item that are demanded per each period of the planning horizon, 5 units is the minimal amount that should be assembled with new manufactured component. This scenario could be generated by a client that is not confident on the recovering process. In this case, we introduce the following constraint into the model and consider also the instance parameters of the first computational test: x 8 t ≥ 5 ∀t . The corresponding optimal production plan is described in Table 7 , and the main information from the final report generated by CPLEX is showed in Table 8 . The fourth analyzed scenario considers the case in which the remanufacturing line will be out of order during the periods t = 2, 3 and 4 for preventive maintenance. In this case, we introduce the following constraint into the model and also consider the instance parameters of the first computational test: x 9 t = 0 ∀t = 2, 3, 4. The corresponding optimal production plan is described in Table 9 , and the main information from the final report generated by CPLEX is showed in Table 10 . 
Computational analysis
Let us now go back to the given instance to show some analysis of the computational tests with respect to the modification of some parameters values. First, consider the variation on the data for ρ, the average rate of disassembled component units considered as inserviceable, showed in Table 11 . Table 11 , we verify that the optimal total costs decrease when we reduce the value of ρ (ρ = 0.10) from its original value (ρ = 0.25). Since the disposal activities are reduced the cost of these activities is lowered, which is reflected in the optimal total costs. When we increase the value of ρ (ρ = 0.50, 075) from its original value (ρ = 0.25), we verify that the corresponding optimal costs also increase, due to the fact that more disposal activities are processed and the inventory level of inserviceable component is larger along the planning period.
Consider now the modification on the values of the unitary manufacturing cost ( p 6 ) and the unitary recovering cost ( p 5 ) of the main component. Recall that in the given instance the values of the unitary manufacturing cost of the final product with new or recovered component are equal ( p 8 = p 9 ). The obtained optimal function values are reported in Table 12 . In relation to the given instance data, p 5 = 10 and p 6 = 16, we observe that it is preferable to assemble the finished product with recovered component than manufactured component. From Table 12 , we verify that, for setting p 5 = 10 and increasing p 6 = 10, 16, 22, we get larger optimal function values. When p 6 = 10 is fixed and p 5 = 10, 16, 22 increases, we get also larger optimal function values. For all cases showed in Table 12 , the total units of recovered component is 40 and of the manufactured component is 28 along the planning period, matching the amounts obtained for the given instance, except for the case p 5 = 10 and p 6 = 22, where the total units of recovered component is 55 and of the manufactured component is 13.
Consider now the variation of the setup costs data for the items 5 and 6 (recovered and manufactured component, resp.) and the items 8 and 9 (finished product with manufactured and recovered component, resp.) that could influence the optimal function value, as presented in Table 13 .
From Table 13 , we verify that reducing the setup costs causes a decreasing of the optimal function values. In particular, we verify that, halving q 5 and q 6 , the decisions on the quantities to produce, along the planning period, of the finished product with recovered component change from 40 to 48, whereas the quantities of the finished product with manufactured component change from 28 to 20, meaning that it is still preferable to assemble finished product with recovered component. We could see that, when the values of q 8 and q 9 are half of their original values, the total units of the finished product assembled with recovered component changes from 40 to 55, and the total units of the finished product assembled with manufactured component changes from 28 to 13, which shows also a preference to assemble finished product with recovered component. In case q 5 , q 6 , q 8 , and q 9 are reduced in half in respect to their original values, we get the same result for the amount of the finished product as when q 8 and q 9 are reduced in half.
We also analyzed the sensitivity of the optimal function value for the given instance in relation to the variation of L t , (originally set to 2200). We verified that for 1400 ≤ L t ≤ 2200, the optimal function value does not chance, with some differences on the inventory decisions along the planning period. The computational efforts do change; for L t = 1600, the solver finds the solution with minimal generated nodes (12) and minimal number of iterations (297), whereas for L t = 2200, the solver finds the solution with 41 generated nodes and 501 iterations, as we can see in Table 2 .
The same analysis was performed with respect to the value of U t , for t = 0, originally set to U t = 30. For 26 ≤ U t ≤ 30, the optimal function value does not change, but the inventory decisions do change along the planning period.
CONCLUSION AND FINAL COMMENTS
This work deals with the use of a technique of Operations Research to support decisions of industrial organizations that practice reverse logistics in their production systems. Specifically, a mixed integer linear programming model is proposed for the planning of materials requirements (MRP) of a particular production system with recovering and discarding process.
Computational experiments were conducted with the proposed MRP model, considering an arranged instance of the problem and distinct scenarios for the production system, with the main purpose to show its versatility. One can observe that the lowest-cost optimal plan found for the given data shows a preference to assemble the final product with recovered component, since remanufacturing is cheaper than manufacturing a new component for this data (although in some practical production systems the recovering process could be more expensive). This decision is confirmed with the results of the third scenario, that established a minimum amount of units for the finished product that should be assembled with new component, which resulted in a highercost optimal plan.
The optimal production plan generated with CPLEX solver would help the decision makers to decide how much and when to procure/produce/remanufacture/discard of each item involved in the production system during a time horizon. Complex production systems with remanufacturing can be easily derived from the particular production system presented here.
